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Vector coherent state theory of the non-compact
orthosymplectic superalgebras: II. Some selected examples
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Physique Nucléaire Théorique et Physique Mathématique CP229, Université Libre de
Bruxelles, Bd du Triomphe, B1050 Bruxelles, Belgium

Received 21 May 1990

Abstract. The techniques, presented in the first paper of the present series, for determining
the conditions for the existence of star or grade star positive discrete series irreducible
representations of osp(P/2N,R) (P=2M or 2M +1), and the branching rule for their
decomposition into a direct sum of so(P)Y@sp(2N, R) irreducible representations, as well
as for constructing explicit matrix realizations, are illustrated with a few selected examples.
The latter include the most general irreps of osp(1/2N,R), osp(2/2,R), osp(3/2,R),
osp(4/2, R), osp(2/4,R), and the most degenerate irreps of osp(2/2N, R). In addition, all
the information necessary for dealing with other cases amenable to a full analytic treatment
is provided.

1. Introduction

The purpose of the present series of papers is to construct explicit matrix realizations
for the positive discrete series irreps of the non-compact orthosymplectic super-
algebras osp(P/2N,R), where P=2M or 2M+1, in osp(P/2N,R)>so(P)®
sp(2N,R) >so(P)@u(N) bases. Here we exploit the vector coherent state (vcs) and
K-matrix general theory, expounded in the first paper of this series (henceforth referred
to as I and whose equations will be quoted by their number preceded by 1) (Quesne
1990c), to obtain detailed results for the star and grade star irreps of some low-
dimensional superalgebras often encountered in physical applications.

Some of the results presented in this paper were already derived by other methods.
The branching rule for the decomposition of the osp(1/2N, R) positive discrete series
irreps into sp(2N, R) irreps and the matrix realization of the same in an osp(1/2N,R) >
sp(2N,R) 2 u(N) basis were recently determined by a raising operator technique
(Quesne 1989). A matrix realization of the osp(2/2, R) irreps in an osp(2/2, R) > 50(2)®
sp(2,R) >s0(2)@u(1) basis was built by direct resolution of the supercommutation
relations (Balantekin et al 1989). The branching rule for the decomposition of the
osp(4/2, R) irreps into so(4)@sp(2, R) irreps was obtained by constructing the lowest-
weight states of the latter in a super Fock space (Schmitt et al 1989).

Such results, however interesting they may be, always provide a partial solution to
the problem in hand. The raising operator technique indeed proves rather tedious to
extend to other superalgebras than osp(1/2 N, R). The supercommutation relation direct
resolution is restricted to very low-dimensional superalgebras. If the explicit construc-
tion of lowest-weight states enables the determination of branching rules, a lot of extra
work is still needed before getting the corresponding matrix realizations.
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On the contrary, the vcs and K-matrix combined theory exploits the full power of
Wigner-Racah tensor calculus for the so(P)@ u(N) subalgebra. It therefore provides
a unified and systematic procedure for determining branching rules. Moreover, once
the latter have been obtained, it is a rather simple matter to derive explicit matrix
realizations. The only practical limitation to the applicability of the method lies in the
necessity for a detailed knowledge of some so(P) and u(N) Racah coefficients.

This paper is organized as follows. In section 2, the branching rule and a matrix
realization are determined for the osp(1/2N, R) star irreps. In sections 3 and 4, the
same problems are considered for the osp(3/2N,R) and osp(4/2N,R) star irreps,
respectively. After some general considerations valid for arbitrary N, the cases of
osp(3/2,R) and osp{4/2, R) are solved in detail. In section 3, the osp(2/2N, R) star
and grade star irreps are reviewed with special emphasis on the most degenerate irreps
for arbitrary N and on the osp(2/4, R) general irreps. Finally, section 6 contains some
concluding remarks.

2. The osp(1/2N, R) superalgebras

The even part of the osp(1/2N, R) superalgebra is the sp(2N, R) algebra, generated
by the operators D}, DV and E’, i, j=1,..., N, where E/’, i, j=1,..., N, span the
stability subalgebra u(N). The odd part of osp(1/2N, R) has basis elements K, = +F.
and F' i=1,..., N (Quesne 1989, 1990a). The osp(1/2N, R) positive discrete series
irreps are characterized by [Q)=[Q,Q,...Qx), where Q,,Q,,...,Qy are integers
satisfying the inequalities Q,=Q,>=...=Qy > N. Their lowest-weight state belongs
to the lowest-weight u(N) irrep {Q} ={Q,Q,... Qy} contained in their carrier space.
In the present section, we shall examine under which conditions these osp(1/2N, R)
irreps are equivalent to star representations and we shall determine the branching rule
for their decomposition into sp(2N,R) irreps, as well as the u{N) reduced matrix
elements of the odd generators between two lowest-weight u(N) irrep basis states.

From (13.1) and (I3.2), it follows that the osp(1/2N, R) vcs are parametrized by
the complex variables z;=1z;, i, j=1,..., N, and the Grassmann variables 6,, i=
1,..., N. The vcs space therefore consists of functions ¥(z, 8), which are holomorphic
in z;, polynomials in 6;, and take vector values in the intrinsic subspace, i.e. in the
u(N)irrep {Q} carrier space. The vcs representation of osp(1/2N, R) depends on the
intrinsic u(N) generators E,’, as well as on the variables z;, 6;, and the corresponding
differential operators VY = (1+8;)8/3z;, ' =5/36,. In Quesne (1990a), it is given in
explicit form for the sign choice K, = F;.

Both the odd generators K, and the Grassmann variables 6, are components of
irreducible tensors § and s, transforming under the u( N) irrep {10}. The Q polynomials
considered in section 4 of I, are characterized by the u(N) irrep {u} ={1'0}, where !
may run over the set {0, 1,..., N}, and by the row label y, which may be chosen as
the u(N) weight (i;i, ... i) with 1 =i, <i,<...<i < N, They are denoted by QE}II_(,’,}.-,)(s)
and their phase is fixed by choosing the highest-weight polynomial as

QU () =16,...656,. (2.1)

According to (14.21), orthonormal vBs basis states reducing the stability subalgebra
u(N) are given by

ILQY{1'0Kw){wp{h}x) =[PV (2) x [Q"%(s) x |{Q})] 1 ot (2.2)
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where the polynomials P are defined in (14.15), {Q}a) denotes an intrinsic subspace

basis state, and the labels w,, w,, . .., oy may take all the values satisfying the relations
N N
Y ow=) Qi+l (2.3)
i=1 i=1

and

Ql$w1$01+1 QiSwiSmin(Q,‘*‘l,wi_,) i=2,...,N. (2.4)

Since the irrep {1'0} is completely determined by {w} through (2.3), it may be dropped
and the u(N) vBB basis states written in shorthand notation as {w){v}p{h}x).

The K transformation maps the vBB basis states (2.2) onto vcs states classified by
the following labels:

osp(1/2N,R) P sp(2N,R}) > u(N).
() 1={1'0}  (w) A{v}p {h}

All #({w}) submatrices are one dimensional.

As explained in I, to write the recursion relation satisfied by #¥% ({w}) in explicit
form, we need the values of the reduced matrix elements of s, defined in (15.14) and
(I5.24). Taking (2.1) into account, we obtain

({10} sl{1'0}) =VT+1 (2.6)

(2.5)

and

(@) {0Hw HIsll(w){0Ho})

! 1/2
=(—1)""’< IT (Q, —Qi+i-p+1)(Q, —Qi+i—pk)]> (2.7
k=1
where
{w}={Q+2"(p,...p)} {@}={Q+A"""(p... pwiPmrr .- P} (2.8)
and A”Y(p,...p) denotes a row vector of dimension N with vanishing entries
everywhere except for the components p,, ..., p;, which have value unity. The u(N)

Wigner and Racah coefficients required to evaluate (2.6) and (2.7) have been taken
from Biedenharn and Louck (1968), and Le Blanc and Hecht (1987), respectively.

By taking (2.7) and the results of appendix 1 into account, it can be easily proved
that the recursion relation (I15.11) for ¥% " ({w}) can be written as

. 1
HH ({w'})=i5{2ﬂ,+l—2i+2+z [(Q,——Qp‘+p\.—i+l)(ﬂ,+ﬂpw—p§~i+1)~]

x( IT(Q,-Q, +p,—p+1)(Q, -Q, +p, —pk)_'):|}7{7{+({w})

k#s

(2.9)

where on the right-hand side s and k run over the range 1, ..., . The sum over s can
be performed by using the complex function residue theory (Le Blanc and Rowe 1987,
Quesne 1990b), so that the recursion relation finally takes the simpler form

HH ({w'}) = =(Q— i+ 1)<n (Q+Q, —p—i+2)(Q,+Q, —p.—i+ 1)“)7{3{*(@}).

K

(2.10)
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In (2.10), the lower sign choice can be immediately ruled out. It would indeed lead
to the relation

HH ({Q+8" (1)) = —Q,%%°({Q}) <0 (2.11)

##" being normalized in such a way that %% ({Q}) = 1. Hence, the adjoint relation
in sp(2N, R) can be extended to an adjoint relation in osp(1/2N, R) in a single way
corresponding to K, = F;, if we impose that the irrep [Q)) be equivalent to a star
representation.

For the upper sign choice, the solution of (2.10) can be written as

HH ({w}) = (l;[ (Qp —pt 1)><kﬂ (Qp +Q, —p—pa+2)(Q,, +Q, —p—py+ 1)")
(2.12)

where {w}, defined in (2.8), satisfies the conditions (2.4). Since the right-hand side of
(2.12) is always positive, all the vBB basis states [(w){0}{w}x) are mapped onto
(non-vanishing) vcs basis states. The branching rule for the decomposition of the star
irreps [()) into sp(2N, R) irreps (w) is therefore given by (see also Quesne 1989)

Q,+1 min(Q,+1L,w,) min(Q\#—l,w\‘_l)

[ X 1. ) D(w). (2.13)

wy =0 wa=0, wy ={y
All such irreps are typical (Scheunert 1979).
Finally, by setting
H{o}) = (o)) =[HH ({o}]"? (2.14)
and taking (2.7) and (2.12) into account, the u(N) reduced matrix elements (15.23) of
the odd generators § between two lowest-weight u(N) irrep basis states become

(@ MOHo Hv(D) [(@){0H{w})

=(-1)" [(Q,——i+l)<H (Q+Q,, —p—i+2)(Q,~Q, +p—i—1)

1/2
x[(Q,+Qm—pk—i+1)(Q,~—ka+pk—i)]_'>j| (2.15)

where {w} and {w'} are defined in (2.8). By combining this relation with an appropriate
u(N) Wigner coefficient (Biedenharn and Louck 1968), it is easy to get the matrix
element of y(F}) between two sp(2N, R) irrep lowest-weight states. The result of such
a calculation agrees with the formula obtained by means of a raising operator technique
(Quesne 1989).

3. The osp(3/2N, R) superalgebras

3.1. General remarks

The even part of the osp(3/2N, R.). superalgebra is the so(3)@sp(2 N, R) algebra, where
sp(2N, R) is generated by Dy, DY, E/, i, j=1,..., N, and so(3) by B", B and C. Here
we have dropped index a, which only takes the single value 1. It is convenient to

renormalize B” and B so as to obtain the operators
L.=v2B" L =V2B Ly=C (3.1)
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satisfying standard angular momentum commutation relations
[LO, Lx]'—_j:Lt [L+5L—-]=2L0' (32)

The odd generators are I, =+G;, K,=+F| H=x(J'),and G, F,J,i=1,...,N.
The first (respectively, last) three are the components ©,, (respectively, 3J,.;) of an
s0(3)@u(N) irreducible tensor © (respectively, J) transforming under the irrep [1]®
{10} (respectively [1]@{0~1}). Here m =1, 0, —1, i (respectively, i) denotes the u( N)
weight (0...010...0) (respectively, (0...0~10...0)) with 1 (respectively, —1) in
position i, and

Su=1 Hoi =K, -i=—H,

iy i i ; ‘ (3.3)
Jr=(-1T Jpr=(-'F Ar=(-1)""'G!

The positive discrete series irreps of osp(3/2N, R) are characterized by [EQ)=
[EQ,...Qn), where E, Q,,...,Qy are integers satisfying the inequalities == 0, and
0,=20,=...2Qx5> N. The corresponding vcs are parametrized by the complex
variables z; =z, i, j=1,..., N, and the Grassmann variables o,, 6,, 7, i=1,..., N.
The latter (and the corresponding differential operators) are the components s,
(respectively, b,,7) of a[1]@ {10} (respectively, [1]@® {0 — 1}) irreducible tensor s (respec-
tively, ),

81, = O $0; = 6, $_1;, =T
bir=(-1)'9/07 Dor=(—1)'3/36, b= (-1)""6/d0;

in accordance with (3.3). Comparison with (16.8) and (16.9) shows that the phase
factor appearing in the latter is u; = —1. The vcs representation of osp(3/2N, R) also
depends on the intrinsic generators

=V2B’ L_=v2B L,=C (3.5)

and £/, i, j=1,..., N.

The Q polynomials are characterized by an so(3) irrep [A], a u(N) irrep {u}=
{12 ... un}, an additional label «, and a row index y. Here 3=z u, = u,=...2 uy =0,
[A] may run over those so(3) irreps contained in the u(3) irrep {}={a,4.0:},
distinguishes between repeated [A] irreps in {{i} and is needed only for N=4
(Moshinsky et al 1975), and y may be taken as m(u), where m=A, A —1,..., —A, and
(u) denotes a Gel'fand pattern of {u} (Gel'fand and Tseitlin 1950). Whenever « is
not needed, the polynomials can be easily constructed from Q!'M'%(s) =s by so(3)®
u(N) couplings, followed by an appropriate normalization. The highest-weight second-
degree polynomials, for instance, can be written as

1

(3.4)

Q[/\](u}( ) ?[Q[I]HO)(S) x Q[I] 10)(5)]['\]{;\:) (3.6)
or, in explicit form,
QLii(s) = 8,0, (3.7)
and
BI(s) = 020, QN (8) =372(6,6,+ 072+ 7)03) if N=2.  (3.8)

Comparison of (3.8) with (16.12) shows that the phase factor appearing in the latter
is wy=1,
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By taking (3.7) into account and writing the components of the intrinsic irreducible
tensor T a5
’U'[,,‘]]{O}=|Lm m=1,0,—1 (3.9)

where L, =—1,/v2 and L_, =L_/v2, it can be easily proved that I'\"’(D") takes the
form (16.10) with v, =—+/6 or, equivalently,

oD =v2Q! 10 (g) . [, (3.10)

The reduced matrix element of T'\”’(D"), appearing in the recursion relation (15.11),
can therefore be written as

(ITENHMOH@ HIT V(DI € N HOHe D)
=220+ DEE+1)/(2A"+ )] U(E1E£A; EN)
x UQHr Ho H20} {01 110 (e TA K QM (s) [k TA N{u"D)

(3.11)
where t'= k' [A'{ '}, t"=x"[A"{u"}", and, as a result of (3.6),
(K TA K QM () [k TA M ")
1 Py gt . . , M R~
—szim UAA 1A U{10H10Hw Hu "} {20Hah)
XL (' TA Hp HIsIRIAHAD (RIAN A s] « TA I D). (3.12)

On the right-hand side of (3.11) and (3.12), the first U coefficient is an so(3) Racah
coefficient while the second one is a u(N) Racah coefficient.

It essentially remains to determine the reduced matrix elements of s defined in
(I5.14)7. Since they depend on the explicit form of the Q polynomials, they have to
be calculated for each N value. In the next subsection, we detail the N =1 case.

3.2. The osp(3/2, R) superalgebra

In the osp(3/2, R) case, the index i takes just the single value 1, and so may be dropped.
Asin (3.6), the Q polynomials can be constructed by successive so(3) couplings (since
the u(1) couplings are trivial). Their highest-weight component can be written as

AMe=1  MMe=e Qs =60 QPIV(e)=—roe  (3.13)

The non-vanishing so(3) reduced matrix elements of s between two Q polynomials,
as defined in (15.14), are then given by

((1{1}]slif0]{0}) =1 (MDD =v2  ([0H3}s|[11{2Hh=V3.  (3.14)

Note that the phase of the Q polynomials has been chosen in such a way that all these
reduced matrix elements are positive.

In shorthand notation, the orthonormal vBB basis states reducing the stability
subalgebra so(3)@u(1) may be written as |[[£|w){h}x), since the u(1) irreps {u} and
{v} are determined by {w} and {h} through the relations

u=w-% v=h—-w (3.15)

t Theso(3) phase ([ £]), appearing in the reduced matrix element of b givenin (15.25), is defined as y([£]) = &
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the so(3) irrep [A] is fixed by {u}, and hence by {w}, as shown in (3.13), and all
couplings are multiplicity free. The allowed irreps [£] and (w) are listed in columns
1 and 2 of table 1, and the conditions for their existence are displayed in column § of
the same table. The latter result comes from the coupling rule of the angular momenta
= and A to total angular momentum &

Since their rows and columns are labelled by t =[A]{u}, all H([¢{w}) submatrices
are one dimensional. The recursion relation (I5.11) satisfied by %% ([¢{w}) is easily
written down because all reduced matrix elements only involve so(3) Racah coefficients.
We obtain altogether thirteen equations, listed in appendix 2. Since the number of
equations greatly exceeds the number of unknowns, of which there are only seven, the
calculations can be easily cross-checked.

From the results of appendix 2, it is obvious that no positive semi-definite solution
can be obtained for all %% ([£]{w}) submatrices when the lower sign is chosen in the
adjoint relations for the odd generators. For the upper sign choice, we get the solution

HH([E+1H{Q+1)=Q~-E HH([ZNUQ+1)=Q+1
HH([E-1{Q+1})=Q+E+1 HHX([(E+1){Q+2)=(Q+ 1) (O —-=)
HH[EHQ+2H =0 (Q+D(Q-E)Q+E+1) (3.16)

HH([E-1H{Q+2)=(Q+1)(Q+=+1)
HH([ENQ+3D=(Q+2)(Q-Z)Q+ZE+1)
if and only if the condition

Q== (3.17)

is satisfied. Whenever equation (3.17) is fulfilled, and only in such a case, the irrep
[EQ) is therefore equivalent to a star representation.
From (3.16), it is clear that if Q> =, then all veB basis states |[[¢|{w){w}y) are
mapped onto vcs basis states. On the contrary, as shown in column 6 of table 1, if
==, then four vBB basis states are mapped onto the null vector whenever = # 0.
The branching rule for the decomposition of [E€Q)) into s0(3)@sp(2, R) irreps [£]D(w)
results from combining the vee and vcs conditions listed in columns 5 and 6 of table 1.
As a final point, it is an easy matter to obtain the so(3)@sp(2, R) (triple) reduced
matrix elements of the odd generators T = (§, J) from (15.22), (15.23), (15.35), (15.36)
and a relation similar to (2.14). They are listed in appendix 3 for the generic case
Q> =>0. These results also apply to the cases where ==0 or ) = =, provided only
the allowed vcs basis states are retained.

Table 1. Branching rule for the decomposition of an osp(3/2, R} star irrep [EQ) into
50(3)@sp(2, R) irreps [¢]D(w).

[£] (w) [A] {u} vBB conditions ves conditions
[Z] Q) (o] {0} — —

[E+1] Q+1 [1] {1} — Q%=

[=] Q+1) [} {1} =%0 —

[2-1] Q+1 [1] {1} =#0 —

[E+1] Q+2 [1] {2} — 0#=

=] Q+2) (1] { =
=-1] Q+2) (1] {2} =#0 —
=] (1 +3) (0] {3 -
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4. The osp(4/2N, R) superalgebras

4.1. General remarks

The even part of the osp(4/2 N, R) superalgebra is the so(4)®sp(2N, R) algebra, where
sp(2N, R) is generated by DU, DY E’ i j=1,..., N, and so(4) is spanned by AJ,,
A2 ¢!, C? G, and C or, alternatlvely, by the generators

Srf=A1+2 Sl—=A12 Slozé(cll'*'czz)

: (4.1)
S, = Cl’ S,_= C:l 520=%(C11—C22)

of the isomorphic su(2)®su(2) algebra. Here each triple of operators S,,, S,_, Sio,
and S,., S,_, S, satisfies commutation relations similar to (3.2), while any operator
of the former set commutes with any operator of the latter. The odd raising generators
Li==G,, H*==(J)), a=1,2,i=1,..., N, are the components £, » of a [10]®
{(10}=(4, H® {10} 1rreducrble tensor w1th respect to so(4)@u(N) =[su(2)®su(2)]®
u(N), where m,, my=3% -1 andi=1,..., N:

@1/2 vz =1y @1/2 2 i=1
N R 1 (4.2)
91212 =H, D12 —12.,=—H,.

In the same way, the odd lowermg generators G, J,, a=1,2, i=1,..., N, are the

components Jpmrofa [10]@{0-1}=4H@{0-1} 1rredu01ble tensor “ﬁ where m,,
m,=3% — 2,andz—l , N:

31/2 1/2 i_=(_1)i-]1' A PP Sz ==
~ L 20 i—1 ~1 (43)
S22 7=(-1)'G S_y2 ci2 7=(=1)7GY.
The positive discrete series irreps of osp(4/2N,R) are characterized by [EQ)=
[:1:20, QN), where E,, E,,Q,,...,8y are integers satisfying the inequalities

Z2|E),and O, 20,=...2Q,y> N. The lowest-weight so(4) irrep [E,Z,] can also
be denoted by (S, S,), where S, =3(Z,+X=,) and S, =3(=, - =,) specify the irreps of
the isomorphic su(2)@®su(2) algebra and are simultaneously integer or half integer
The corresponding vcs are now parametrlzed by the complex variables z; = z;, i,
j=1,..., N, and the Grassmann variables ¢, 7", a=1,2,i=1, , N.In accordance
with (4.2) and (4.3), the latter (and the corresponding diﬁerential operators) are the
components smlm, (respectively, D, ,.,;) of a [10]1®{10} = (4, H@®{10} (respectively,
[10]®{0-1}=(,1)@®{0—-1}) irreducible tensor s (respectively, b):

$1/2 1721 = 01 S1/2 —1/2 1= 02,

S22 =T S_12 12, =T (44)
D)2 12 r=(-1)', B2 1 r=(=1)a .
Doiyz e 7= (=1)'8% D1 10 i=(=1)"",

Comparison with (16.8) and (16.9) shows that the phase factor appearing in the latter
is uy=—1. The vcs representation of osp(4/2N,R) also makes use of the intrinsic
generators £/, i, j=1,..., N,and §,.,S,_, Sy, Ss+, S2-, Sy, the latter being defined
in terms of A}, A'?, C,', C,%, C,', and C,? by relations analogous to (4.1).

The Q polynomials are characterized by anso(4) =su(2)®su(2) irrep[A]=[AA.] =
(ki, ki), a u(N)irrep {u} ={p,u>. .. un}, a set of two additional labels «, and a row
index y. Here 4=, = u,=.. .2 un =0, [A] may run over those so(4) irreps contained
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in the u(4) irrep {4} ={@1k24a344}, k, and k, are given in terms of A, and A, by
k,=3(A,+As), ks =3(X, — A,),  distinguishes between repeated [A] irreps in {{i} and
is needed only for N =3 (Quesne 1976, 1977), and y may be taken as m,m-(u ), where
my=ky, k,—1,...,~k,, my=ky, ka—1,...,—k,, and (n) denotes a Gel'fand pattern
of {u}.

Whenever « is not needed, the polynomials can be constructed by su(2)@su(2)®
u(N) couplings, followed by an appropriate normalization, in a way similar to that
shown for osp(3/2N, R) in (3.6). The highest-weight second-degree polynomials are
given by

11}1{20 1,00{20 _
ngj]inw)(s)z :1w )ilw)(s)_a'Zla'll (4 5)
— ) ¢ 2 .
QL i) = O R e) = 170y,
and
QR (s) = QR (e) = oo
w w
. (4.6)
Q[OO]“20}( )= Q(OO)“ 0)(5) =Nonn' o+ 7 on+ 7 00,) it N> 1.

Comparison of (4.6) with (16.12) shows that the phase factor appearing in the latter
iS Wy = 1.

By taking (4.5) into account and noting that the components of the intrinsic
irreducible tensors T!/'HO = TLOMOF gpg FO-THO L FO.0I0) 5

T =S, Te=8:,,  m=1,0,-1 (4.7)

it can be easily proved that I'\”(D") takes the form (16.10) with v,=—-2v3 or,
equivalently,

V(D7) =2[Q" " (s) - §,+ Q1 i(s) - §5]. (4.8)

The reduced matrix element of I'\"’(D"), appearing in the recursion relation (15.11),
can therefore be written as

(1'T¢ N HOHw HI*(D") H
= - 2U({QHu"Ho'H20}; {0} {32k +1)S,(S, + 1)/ 2k} +1)]"?
X U(Si1siki; Sk (k' (ki kD{u Q™ (s) k(K7 k3){u"H)
+[(2k5+1)8,(S,+1)/(2k5 +1)]V2U(S,155k5; Sok3)
X (k'(ki, k) {p P Q% (s) | k" (KT, k) {p"})} (4.9)

where "=k [AHu'}', t"=k"TAHu"}", [AT=(ki, k3), [A"]= (K7, k3), [€]=(s}, sb),
and

(k" (kS kS HQ M) [k (kY, KE){n"})
1 ~ .

=—=§, UGskik!; 1k,) U(33k3k5; Ok
\/-2- ki k3 ‘é#} ( 1" 1) (22k2k2 0 2)

x U({10H{10Hw Hu"}; {2014}
<L (x'(ki, k){u'His] & (&, k2){i})

X (K (ky, k){pi sl x"(k, k3){u"}) (4.10)
and the reduced matrix element of Q'*""?%(s) is given by a relation similar to (4.10).
The right-hand sides of (4.9) and (4.10) contain a u(N) Racah coefficient in addition
to some standard su(2) Racah coefficients.

" "
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As in the osp(3/2N, R) case, it remains to determine the reduced matrix elements
of 1. In the next subsection, we detail the N =1 example.

4.2, The osp(4/2, R) superalgebra

In (4.2)-(4.4), index i now takes the single value 1 and may therefore be dropped.
The Q polynomials can be constructed by su(2)@su(2) couplings and subsequent
normalization. Their highest-weight component can be written as

Q% (s) = QK" (s) =1 () = QU (s) =,

2 —-1]{2 0,1){2 2
Qo) = QU s = ooy QRTe) = QPN (s) = o (4.11)
QW (s) = QU (e) = Ponoy QP M(s) = QRO H(s) = 77 0o,

The non-vanishing su(2)®su(2) reduced matrix elements of s between two Q poly-
nomials are then given by

((5,2){1}]s/(0, 0){0}) =1

((1, 0{2}Hs[|(5, D1} = ((0, D{2}Is)| 5, H{1}) =2
(4.12)

(& D301, 021 = (¢4, H{3His] (0, 1){2}) = V3
((0,0){4}[s]|3, D){3D =2.

As a matter of fact, the phase of the Q polynomials has been fixed so that the
non-vanishing reduced matrix elements ((k}, k5){u + 1}|s| (k;, k2){u}) will be positive
whenever (k,, k,) is the highest-weight su(2) ®@su(2) irrep corresponding to {u}.

In shorthand notation, the orthonormal vBB basis states reducing the stability
subalgebra so(4)@u(1) may be written as |[[A;A,][ & & Kw){h}y), since the u(1) irreps
{u} and {v} are determined by {w} and {h} through (3.15) and all couplings are
multiplicity free. Contrary to what happens in the osp(3/2,R) case, the so(4) irrep
[AA2] is not fixed by {u}, as equation (4.11) shows that both [11]=(1,0) and
[1 —11=(0, 1) are associated with {2}. The allowed irreps [£,&,]=(s,, 5;) and (w) are
listed in columns 1 and 2 of table 2, and the conditions for their existence are displayed
in column 5 of the same table. The latter result from the coupling rules of the angular
momenta S, and k,, S, and k, to the total angular momenta s, and s,, respectively.

Since their rows and columns are labelled by t =[A,A,]{u}, all H([&,&]{w}) sub-
matrices are one-dimensional, except for ¥ ([Z,Z,]{Q +2}) which is two-dimensional
for 2, #|=,|. In the latter case, we shall abbreviate ¢t by t=[11] or [1 —1].

The recursion relation (I15.11) satisfied by %3 ([£,£,){w}) only depends on some
su(2) Racah coefficients and is therefore easily written down. There are altogether
forty equations, which have to be satisfied by sixteen unknowns. Since there is again
no positive semi-definite solution for the lower sign choice in the adjoint relations for

T The so(4) phase appearing in (15.25) is defined as ¢([£€]) = (s, s5) =5, +5,= €.
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Table 2. Branching rule for the decomposition of an osp(4/2, R) star irrep [Z,=,Q) into
so(4)Dsp(2, R) irreps [£, 6,18 (w).

[¢.¢:] (w) [AA.] {u} vBB conditions vCs conditions
[Z,E, () [00] {0} — —
[E,+1Z.] +1 [10] {1} —_ ==,
[Z2E,+1] Q+1) [10] {1} =, #5, —
(=,5:-1] Q+1) [10] {1} 5 #-5 —
[E,-15;] Q+1) [10] {1} =, #E,, -5, —
[Z,+1Z2,+1] Q+2) [11] {2} — Q==
[=,+12;,-1] Q+2) (-1 {2} — ==,
[E.E.] @+ [ {2} E=-%, —t
[1-1] {2} = #E, Q==

[Z,-1=,+1] Q+2) [1-1] {2} =, #E,, Z,+1 _
[Z,-1=2;-1] Q+2) [11] {2} Z E-E,, -S4+l —

@+3) (0] 3} — 0+z,

Q+3) [10] {3} =, #5, 0=z,

Q+3) {10] {3} = # -5, Q==

(Q1+3) [10] {3} = #E,, -5, —

@+4)  [00] {4 — 0%z,
+ Condition valid for eigenvalue d,. The latter does not exist whenever =, ==,, - =,

1 Condition valid for eigenvalue d,.

the odd generators, we shall restrict here to the upper sign choice. In such a case, we
obtain the solution

HH([E, +15,H{Q+1)=Q+1F(Z,+1) HH([E\E, £ 1H{Q+1})=QF =, +1
HH([E,+1E,21{Q+2}) = (Q-ENQFE,+1)
HH([E)-1E,£11{Q+2)=(Q+Z,+2)(QAF =, +1)
X ((ZZ0Q+2D)0 =un =1
=20 20(Q+1)(Q+2) - (Q+1)C(E,, E2)F2C,(E,, =5)] (4.13)

(HH ([, N+ 2Dy - = - Q+ D[CAE,, E,) —4CAE,, B,)]?
HH([E, 215, {Q+3D=(Q+ 1) (Q+2)[Q+1F(Z,+D(Q-E,+ 1)(Q+Z,+1)
HH([EE,211{Q+3D)=(Q+1) "(Q+2)(Q-ZE)OQ+=,+2)(QF=,+1)
HH([EE,H0+4)=(Q+ 1) (Q+3)Q-Z)Q+E,+2)(Q-Z,+ 1)(Q+E,+1)
if and only if the condition

(= (4.14)
is satisfied. In (4.13),

C(E,E)=E|(E,+2)+E,’ C(E,Z)=(E,+1)E, (4.15)

are the eigenvalues of the two so(4) Casimir operators corresponding to the irrep
[E,E;]. To check that the 2x2 matrix % ([E,E,]{Q2+2}) is positive semi-definite
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whenever (4.14) is fulfilled, it is sufficient to show that its trace and its determinant
are not negative. From (4.13) and (4.14), it follows that

tr HH([2,2,){Q+2)=0"(Q+ D2(Q+ 1)’ = (E,+1)’-E,"-1]=0
det X ([E,2.{Q+2) =07 (Q+2)[(Q+ 1) = (Z,+ D) J[(Q+ ) -E,’]=0.

Whenever condition (4.14) is satisfied, and only in such a case, the irrep [Z,Z,(}) is
therefore equivalent to a star representation.

If Q> E,, then all the vBB basis states |[A,A][ £ 6 w){w}x) are mapped onto vcs
basis states. For [£,£,]=[E,2,], (w)={Q +2),and E, # |E,], it is necessary to determine
the matrices ¥([E,2,]{Q+2}) and ¥ '([Z,E,]{Q+2}) by diagonalizing the 2x2
matrix X% ([E,2,]{Q + 2}) and using (15.16) and (15.17). The eigenvalues of the matrix
are given by

(4.16)

di,=020) {(Q+1)[2Q(Q+2) - C,(E,, E,)] = A} (4.17)
where d, (respectively, d,) corresponds to the + (respectively, —) sign, and
A={(Q+1)’[CE,, B2) —4CP(E,, E)]+H4GHE,, E}2 (4.18)

The (real) unitary matrix U converting ¥%"([Z,2,]{Q+2}) to diagonal form can be
written as

—~cos ¢ sin ¢
= 4.
( sing cos d)) (4.19)
where
cos ¢ = (Q+ 1){2A[2CK(E,, E,) + Al I [CA(E,, By) 4G (B, E1)]° (4.20)

sin ¢ = (28)7[2C,(B,, E,) +A]V2.
Note that, when =, =+E,, the matrix ¥% ([Z,2,]{Q+2}) is one dimensional and
given by

HH([E,£Z,1{Q+2) =07 (Q+2)(Q-ZE)Q+=,+1) (4.21)
hence it coincides with d,, as given by (4.17).

If Q =E,, then, as shown in column 6 of table 2, eight linear combinations of the
sixteen vBB basis states |[[A;A,][ £, & Kw){w}x) are mapped onto the null vector whenever
=, #xE,, £5,+1. For [£&]=[E,E,] and {w)=(Q +2), the eigenvalue d, vanishes,
so that only the eigenvector of ¥% ([Z,Z,]{Q2 +2}) corresponding to

d=E, (B, +[E(E,+1)-E,’] (4.22)
has to be retained whenever Z, #|E,. According to (15.18), (4.15), (4.19) and (4.20),
it is given by
I[E,E, (=, +2X{=, +2}x)

=[2C\(E1, B)] VH-U(E, - E)(E, + E,+2)]"?

X|[1][E,Z,KE +21{E, +2}x)

+[(E+E)(E - E+ 2171 - 1[E EKE +D{E, +2hx)}. (4.23)
In general, the branching rule for the decomposition of [Z,=,Q) into so(4)@sp(2, R)
irreps is obtained by combining the vBB and vcs conditions listed in columns 5 and

6 of table 2. In particular, when } =E,=+E,, it results from the remark following
(4.21) that no state with [£,&,]1=[=,Z,] and (w)=(Q+2) is allowed.
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In a recent work (Schmitt et al 1989), the branching rule for the decomposition of
[Z,E,Q) into so(4)@sp(2,R) irreps was determined by constructing and ortho-
normalizing the lowest-weight states of such irreps in a super Fock space. The results
displayed in table 2 of the present paper are in complete agreement with the poles of
the lowest-weight state normalization factors, given in appendix B of Schmitt er al
(1989) (however, not with the branching rule given in (3.2) of the same reference,
where there seems to be a misprint).

By applying (15.22), (15.23), (15.35) and (15.36), the so(4)@sp(2, R) (triple) reduced
matrix elements of the odd generators T = (9, J) can be finally obtained. They are
listed in appendix 4 both for the generic case where 1>=,>|=,|+1, and for the
special cases where not all of these conditions are fulfilled.

5. The osp(2/2N, R) superalgebras

5.1. General remarks

The even part of the osp(2/2 N, R) superalgebra is the so(2)@sp(2 N, R) algebra, where
sp(2N, R) is generated by Dj, DY, E’, i, j=1,..., N, and so(2) is spanned by C. As
reviewed in section 7 of I, the odd raising (lowering) generators I, and H, (G' and
J'} are the components of two separate so(2)@®u(N) irreducible tensors I and H (G
and J), and the same is true for the Grassmann variables o, and 7 (and their
corresponding differential operators §/dc, and 3/3+,). The positive discrete series irreps
of osp(2/2N,R) are characterized by [EQ)=[ZQ,Q,...Qx), where E€Z, and
Q,,..., QN are integers satisfying the inequalities Q,=Q,=...2Q > N. We shall
consider here both star and grade star irreps corresponding to the adjoint relations
I==(G")", H==x(J")", or to the grade adjoint relations I, = +(G')*, H, = =(J')*.

The Q polynomials are characterized by an so(2)irrep [A], a u(N) irrep {u}=
{pip2. .. un}, and a row index y. Here 2=, = u,=. .. 2 uny =0, [A] may run over
those so(2) irreps contained in the u(2) irrep {4} ={d >}, i.e. A =g —fLs, &, — fir—
2,...,~p+,, and y may be taken as (u), where (i) denotes a Gel'fand pattern of
{u}. Hence the allowed {u} irreps may be denoted by {u} = {2¥1'72*0}, where 0< I < 2N,
max(0, /- N)< k=<[3/], and [3/] is the largest integer contained in /. For such an
irrep, A runs over the range [ -2k, [-2k-2,...,2k—1

For given {u} and [A] irreps, the degrees of Q in o and in 7 are &, =4(I+A), and
N, =3(1—A), respectively. Hence, the Q polynomials may be constructed as follows:

-2 U =A 1/ 26 T1+A2¢ .
QM ) = [ QU () QTN T Y gy (s.1)

by u(N) coupling a polynomial depending only on o with another one depending
only on 7. Both of the latter transform under an antisymmetric u(N) irrep, and their
phase is fixed by choosing their highest-weight component as

16 — 1A
QU o) =0,...0y0, QUMM ey=1,... 17,. (5.2)

From (5.1), we find that the factors appearing in (17.14) and (17.15) are v, = —2 and
w, = —1, respectively.
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Standard u(N) tensor calculus (Le Blanc and Hecht 1987) enables one to obtain
the u(N) reduced matrix elements of o and 7 between two polynomials (5.1) from
those between two polynomials depending only on o or 1. The latter are given by

[+ 110 e |10 = ([~ 1= 11{1" O}l = [~ 1{1'0) = VI+1 (5.3)
and the former by
([A+ 1327170l [[A {25 17240))

=(=1)""V2R20 =201k + D)= A = 2K) ]
([A + 1025170 e [[A {2417 20D

= (=D [2(1=2k+2)]7"[(I=k+2)(I+ A =2k +2)]'"? 54
([A = 10271720 | w (A 3{2" 120D

= (=D = 201k + D+ A = 2K)]'
([A —1H25 1710 | 7llfA {25240

=[2(1-2k+2)17V{(I-k+2)(1-A =2k +2)]V2

From (5.1) and (5.4), we also obtain the following reduced matrix elements:

([AH2X 1117240} QU (e, 7) [ {25 1'7240})

=(=1)" Mk + 1)U~ k+2)]"7 (5.5)
and
(A2 2120} QI ™ @, 7) [ {2% 11720}

= (=) -2k-1)(1-2k)]7"?

X[(k+1)(k+2)(I+ A =2k)(I—A =2k)]"?

([AH2 170N Q1 ™ (e, 7 (A 124130 56

= (=D)AL = 2k) =2k + )TV (k+ 1) (1 - k+2)]2
(IAN2T 204 Q1 ™) (e, 7 (A J{2" 11740

= (D[ -2k+2)(I-2k+3)]7"?

X[(I=k+2)(I=k+3)(I+A =2k+2)(I- A —2k+2)]"2.

From the latter and (16.22), (16.26) and (17.14), we can then determine the reduced
matrix elements of I'”(D") appearing in the recursion relations (17.5) and (17.6).
Hence, the only unknown quantities equations (I17.5) and (17.6) may still contain
are u(N) Racah coefficients of the type U({QHuHw Hu"}; {w}{un'}l), where {u"} =
{10}, {20} or {120}, since the latter appear in relations such as (15.24) and (16.26). In
the next two subsections, we shall consider two examples wherein they are known,
and hence the recursion relations for 3% can be explicitly written down and solved.
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5.2. The most degenerate irreps of osp(2/2N, R)

Whenever Q, =...=Qy = so that the osp(2/2N, R) irrep may be denoted by [ZQ),
the above-mentioned Racah coefficients are equal to 1 for allowed u(N) irreps, and
0 otherwise. In such a case, the orthonormal vBB basis states reducing the stability
subalgebra so(2)@u(N) can be written in shorthand notation as |[[éw){v}p{h}x),
where the allowed so(2) and sp(2N, R) irreps are, respectively

[£]1=[E+A] (@) =((Q+2)"(Q+1)2*Q) 0<I<2N 57)
max(O,l—N)sks[%I] A=1-2k1-2k-2,...,2k—1

The irreps [A] and {u}={2"1'7?*0}, entirely determined by [£] and {w}, have been
dropped as well as the unneeded multiplicity label ¢

Since their rows and columns are labelled by t =[A}{w}, all #([¢]{w}) submatrices
are one dimensional. The recursion relations (17.5) and (17.6), satisfied by ¥# ([ £[{w}),
take the following simple form:

HH([€x1Nw+A"V(D)})
=6.[2QQ~ I+ 1)) (Q+w, - i+2)QQFEF £ - NHH ([¢lw)) (5.8)
i=k+1,1-k+1
where
5. =6_==1 (5.9)
or
8, =-6_==(-1) (5.10)

according to whether one considers star or grade star irreps.
Let us first review the case of star irreps. The lower sign choice in (5.9) can be
immediately ruled out, because the condition

HA([(Z£1){Q+1Q) =—(QFE)VXH([ENOQ}) =0 (5.11)

cannot be fulfilled. For the upper sign choice, we obtain the positive semi-definite
solution

HIA ([€l{w})

=<fl (2Q+s—1+1)“(29—s+3)>
s=1

x(u—ﬁ)/z (Q+E—5+1))<”?ﬁm (Q—E—s+l)> (5.12)

s=1 s=1
where [£] and {w} are given in (5.7), if and only if the condition
Q=|Z| (5.13)

is satisfied. The irrep [ZQ)) is then equivalent to a star representation.
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From (5.12), is clear that if Q= N+1>]|Z|, then all the vBB basis states
LK w){0}{w}x), corresponding to the allowed irreps (5.7), are mapped onto vcs basis
states. In such a case, the branching rule for the decomposition of [EQ) into a direct
sum of s0(2)@sp(2N, R) irreps [¢£]P(w) is given by

2N 172 1-2k
SOV Y O+ A1 +2) Q@+ 1)) (5.14)
I=0 k=max(0,/-N} x=2k~!
where the prime on the summation symbol over A means that the summation only
runs over even or odd numbers according to the parity of /-2k.
On the contrary, if 0 —q =|Z|, where g is some integer such that 0=g=< N ~1,
then the veB basis states |[£](w){0}{w}x) corresponding to I, k and A values satisfying
the conditions

Izq+1 ksl-g-1 xA=2g+2-1 (5.15)

are mapped onto the null vector. In (5.15), the upper (lower) sign applies to the case
where 1 — g == (—Z). The corresponding so(2)@sp(2N, R) irreps have to be elimi-
nated from the branching rule (5.14), which therefore becomes

2] i-2k

(=Q-9M | 2 ; L @d=a- g+ MDA+ (Q+1)72y)
2g  [Iy2]  1-2k

+ ¥ T Y @(xHQ-g+0)]DQ+2)(Q+ 1) D)

l=g+1 k=l—q A=2k—1I

N+g minigl-g-1) 2g-1

+ X z C@([=(Q-g+)]BQ+2)(Q+1) ).

I=g~+1 k=maxiOI-N) A=2k-1
(5.16)

Finally, by using a relation similar to (2.14), the u(N) reduced matrix elements
(17.9) and (17.10) of the odd generators between two lowest-weight so(2)@u(N) irrep
basis states can be easily obtained. In appendix S they are listed for the generic case
where Q— N +1>|Z|. The results also apply whenever Q—q=|E|, 0sg=<s N -1,
provided only the allowed vcs basis states are retained.

In the osp(2/2, R) case, the irreps [=()) considered in the present subsection are
the most general positive discrete series irreps. The solution (5.12) becomes

HH([(E=1{Q+1)=QF=
HH([(EUQ+2) =0 Q+1NQ-E)Q+E)

for = |Z|. The branching rule for the decomposition of [EQ) into so(2)@sp(2, R)
irreps can be written as

([(EloM@([E+1]1@Q+))S(E-1]&Q+1)
(20 D([E]@Q+2) if Q> |E| (5.18)
([Zl@eMS([EF1]2Q+1) ifQ==x=.

From the u(1l) reduced matrix elements of the odd generators given in appendix 5,
sp(2, R) (triple) reduced matrix elements can be obtained by applying (I15.35) and
(15.36) to the two separate sp(2, R) irreducible tensors # = (I, J) and ¥ = (H, G). The
results are also listed in appendix 5. They agree with those obtained by Balantekin et
al (1989) from a direct resolution of the supercommutation relations (except for a sign
in the fifth relation contained in their equation (A.8a), where there is a misprint).

(5.17)
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Let us next review the case of grade star irreps. According to (5.7), for any N value
there are vBB basis states l[§]<w>{0}{@}x) characterized b_y the so(2)@u(N) irreps
[£]1®{w}=[E]1®{O}, [E£1]®{Q+1Q}, and [E]®{Q+2Q}. From (5.8), they give
rise to the following recursion relations:

HA([E+1HQ+1Q}) = 2(Q-Z)HH ([EHQ
HAH([E-1H{Q+1Q}) =F(Q+EVHH ([ZROQD
HH([ENQ+20)) =2Q7(Q+ D Q+E)HH([E+11{Q+1Q})
HH([EHQ+20) =FQ ' (Q+DNQ-ZE)H X ([Z-11{Q+10})

where the upper (lower) signs correspond to the upper (lower) sign in (5.10). Equations
(5.19) have the positive semi-definite solution

KA ([E£1){Q+1QH=0F= =20
HH([EF1HQ+1QD) =HH ([ZHQ+20}) =0
if and only if Q=FE. For N =1, there are no other allowed vBB basis states

I[N w){0Hw}x). For N =2, there are some, among which are states corresponding to
the irreps [E£2]®{(Q+1)’Q}. The latter give rise to the relation

K ([E£2H(Q+1)°0) =—(QFE- DHAX([E£1{Q+10)). (5.21)

For () = F=, the right-hand side of (5.21) is negative definite. We conclude that the
only osp(2/2N, R) irreps [EQ), which are equivalent to grade star representations, are
the irreps [— Q) or [QQ) of osp(2/2, R), according as one chooses the upper or lower
sign in (5.10).

For such irreps, it results from (17.9), (17.10) and from relations similar to (15.35)
and (15.36) that the sp(2, R) reduced matrix elements of .# are given by

([—Q+1UQ+ Dy (A -QKDW) = -[2(Q -1)]"? (5.22)

(5.19)

(5.20)

and
[QXDy(H)[Q -1+ 1) = (20)'°. (5.23)

Comparison with (A5.4) and (A5.6), where = = —() and E = () respectively, shows that
the osp(2/2,R) irreps [—QQ) and [QQ) are at the same time equivalent to both star
and grade star representations.

5.3. The osp(2/4, R) superalgebra

For the osp(2/4,R) irreps [£Q,(,), all reduced matrix elements can be expressed in
terms of u(2) Racah coefficients, so that the recursion relation for ¥%" can again be
explicitly written down. Since the case where (1, =), was treated in the previous
subsection, we shall assume here that Q, is greater than (..

In shorthand notation, the orthonormal vBB basis states reducing the stability
subalgebra so(2)@u(2) can be written as {{u, u} Ew,w0{v,v2}{h h,}x), since the
so(2) irrep [A] is determined by [£] through the relation

A=¢-Z (5.24)

and all couplings are multiplicity free. The allowed irreps [¢] and (w,w,) are listed in
columns 1 and 2 of table 3, and the conditions for their existence are displayed in
column 5 of the same table. The latter result from the coupling rule of the angular
momenta 3(£}; —Q,) and 3(u, — u«,) to total angular momentum Hw, — w,).
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Table 3. Branching rule for the decomposition of an osp(2/4, R} star irrep [ZQ,£),) with
Q, >0, into s0(2)®sp(4,R) irreps [€]D (w w,).

(€] (wiws) [A] {ppa} vBB conditions vCs conditions
[=] (0,0, [o] {00} — —
[Z+1] (Q,+10) (1] {10} — —
[E+1] 0, + D [1] {10} — Q,-1#E
[=-1] (0, +10y) (-1] {10} — —
[=-1] (0, + 1) (-1] {10} — Q,~-1#-Z
[(=+2] (Q,+10,+ 1 {2] {11} — Q,-1#=
(=] Q,+20) (0] {20} — —
(=] (Q,+10,+1) [0] {20} — —t

(o] {11} — 0,-1#%Z, -=t
[=] (€,Q,+2) (0] {20} 0, #0Q,+1 0,-1#3,-=
[E-2] (Q,+10,+1) [-2] {11} — Q,-1#%-=
[E+1] (Q,+20,+ 1D (1] {21} — 0,-1#E
[E+1] 0, +10,+2) (1] {21} — Q,~-1#E, -=
[(=-1] (@, +20,+1) [-1] {21} — Q,—1#-=
[(=-1] €, +10,+2) [-1] {21} — 0,—1%=, -=
[=] @, +20,+2) (o] {22} — 0,-1#8, -2

+ Condition valid for eigenvalue 4.
i Condition valid for eigenvalue d,.

Since their rows and columns are labelled by r=[A]{u, x>}, all H([éHw,w,})
submatrices are one dimensional, except for H([E]{Q,+1Q,+1}) which is two
dimensional. In the latter case, we shall abbreviate ¢ by r = {20} or {11}. The recursion
relations (17.5) and (17.6) give rise to forty equations, which have to be satisfied by
sixteen unknowns.

Let us first review the case of star irreps. Among the forty equations, let us quote
the following four:

HH([E+1)Q, +10,)) = +(Q, - E)HH([E]UQ, QL))
HH([E - 1§, +1Q.}) = 2(Q, + D) XX ([ZNQ, QD)
HH([E+1HQQ:+1}) = =(Qy— - DHH([EUQ,Q.D)
HH([ZE-1H{Q,0,+1}) = =(Qa+ = - DHIH([ENQ,Q.})

(5.25)

corresponding to so(2)@u(2) irreps [¢]@{w,w,} for which vBB basis states
{2 €N w,0){00H{w,w,}x) always exist. For the lower sign choice, these four
equations have no positive semi-definite solution, whereas for the upper sign choice
such a solution does exist if and only if

Q,-1=[=] (5.26)

It can be easily proved that in the latter case the remaining equations also have a
positive semi-definite solution whenever condition (5.26) is satisfied.
Thie solution to the whole set of equations is

HH([E=1HQ+10,))=Q, T = HH([E+110Q,0+1}) =Q,F=~1
HH([Z 200, +10:.+1) =(Q, TENQLFE~1)
HH([ENQ +20.D) =0, (Q, + D(Q,+E)Q, - =)
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(HHEUQ 105+ 1D ) 201420

=(Q,+0,-2)7 ' [Q,(Q, - D(Q,+0,-2) - (Q,+Q,)E?]
(X (ENQ + 10+ 1)) iy

=(0,+0,-2) [0~ 1)(Q, +Q2) — (Q, +Q, - 2)E7]
(XK ([EHQ, +1Q5+11) 200411 (5.27)

=(Q,+0Q,-2)"1(Q, + Q- DE[(Q, - 2,0, —Q,+2)]V?
HH([EUQQ+2D) = (Q—1)'Q(Q,+E-1)(Q,-E-1)
HH([Z=1]{Q,+2Q,+1})

=[O0, + Q- D]+ DO, +Q)(Q+ENQ, -E)NQ,FE-1)
KX ([E£1HQ,+1Q,+2})

=[(Q= 1O+ Q- D] (0, + Q)(Q, FENQL+E-1)(Q,-E-1)
HH ((EUQ,+2Q,+2})

=[0,(Q, - D(Q, +Q, - D] (Q+1)Q(Q, +Q,+ 1)

X (L +E)Q - +E-1)(Q,-E-1).

To check that the 2 x 2 matrix X% ([Z]{Q, + 1Q,+ 1}) is positive semi-definite whenever
condition (5.26) is fulfilled, it is sufficient to show that its trace and its determinant
are not negative. From (5.26) and (5.27), it follows that

tr XH([ENQ, +10,+1) =2(Q, +Q2,-2) (2, + 2, ~ D[Q,(Q, - 1) - E*]=0
det XX ([EHOQ, +10Q,+1}) (5.28)
=(0,+0,-2)7(Q, +Q.)(Q, -EH[(Q, - 1)’ -E])=0.

Whenever condition (5.26) is satisfied, and only in such a case, the irrep [2Q,Q,) with
Q,>Q, is therefore equivalent to a star representation.

If Q,—1>|Z|, then all the vBB basis states |[{uu}[éNw ,0){00H{w,w,}x) are
mapped onto vcs basis states. For [¢] =[Z], (w,0,) =(Q,+1Q,+1), it is necessary to
determine the matrices ¥ ([Z]{}, + 1Q,+1}) and ¥ ' ([ZNQ, + 10, + 1}) by diagonaliz-
ing the 2 x 2 matrix ¥ ([E]{Q, + 1Q,+1}) and using (15.16) and (15.17). The eigen-
values of the latter can be expressed as

dl,z = (Qx +Qz"2)‘1{(9\ +Qz_ 1)[91(92_ 1) - :zli A} (529)
where d, (respectively, d,) corresponds to the + (respectively, —) sign, and
A={[Q(Q— D+ET+(Q, - Q)(Q, -0, +2)(Q, +Q, - 1)’E}2 (5.30)

The (real) unitary matrix U converting ¥% ([Z}{Q,+1Q,+1}) to diagonal form is

given by (4.19), where
cos ¢ = _(E/\E\)QA)HQ[—Q](QZ_1) —32+A]”2 5
31
sin ¢ = (24)7°[0,(0:— 1) + 2+ 4] )

On the contrary, if O, —1=|ZE|, then as shown in column 6 of table 3, some linear
combinations of vBB basis states |{u,u} €]{w,w,){00{w,w,}x) are mapped onto the
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null vector. For {¢]=[Z] and (ﬁu]w2>=(01+102+ 1), the eigenvalue d, vanishes, so
that only the eigenvector of ¥ ([ZHQ,+1Q,+ 1}) corresponding to

di=2(0,+0,-2)71 (2, - D(Q,+Q, - 1)(Q, - Q,+ 1) (5.32)
has to be retained. According to (15.18), (4.19) and (5.31), it is given by
M[£(Q,— 1)+ 105+ D{00HQ, + 10, + 1} x)

=[2(Q,-Q,+1)]7"?
x{£(Q, — Q) {20} £(Q, - DU, + 10, + 100K Q, +1Q, + 1} )

+(Q, =+ ) {11 £(Q, — DO, + 10, + 1H{00HQ, + 1Q,+ 1}x)}.
(5.33)

In general, the branching rule for the decomposition of [Z},{),) into so(2)@sp(4, R)
irreps can be obtained by combining the vBB and vcs conditions listed in columns §
and 6 of table 3.

Finally, by applying (17.10), the u(2) reduced matrix elements of the odd raising
generators I and H between two lowest-weight so(2)@u(2) irrep basis states can be
easily obtained. In appendix 6, they are listed both for the generic case where Q, >
Q,+1>]|E|+2, and for the special cases where not all of these conditions are fulfilled.

Let us next review the case of grade star irreps. Among the forty equations satisfied
by X" ([¢{w,w,}), let us quote the following four:

HH([E+1){Q, +1Q.}) = £(Q, - D)HH([E]HQ,Q,})
HH([(E-11{Q,+1Q,}) = F(Q, +E)HXHX([(ENQ.NQ.D)
HH([E+2H{Q,+1Q0,+1}) =F(Q-ZE- DHH([Z+1){Q, +1Q,})
HH([E-2H{Q+1Q,+ 1) =2(Q,+ E- DHH([(E-1){Q, +1Q,})

(5.34)

corresponding to so(2)@u(2)irreps [£]@{w,w.} for which vBB basis states
Hu o} € wyw:){00H w,w-}x) always exist. No positive semi-definite solution does
exist for any sign choice. We therefore conclude that no osp(2/4,R) irrep [Z2Q,Q,)
with 1, > Q, is equivalent to a grade star representation.

6. Concluding remarks

In the present paper, we did illustrate with various examples the power of the vcs and
K-matrix combined theory for constructing matrix realizations of the osp(P/2N, R)
positive discrete series irreps. The cases considered here are only part of those amenable
to a full analytic treatment. Among them, let us mention the most general irreps of
osp(3/4,R) and osp(4/4, R), for which the determination of reduced matrix elements
only makes use of u(2) Racah coefficients. To provide all the information required to
treat those cases as well, we presented the calculation techniques in a more general
framework than was necessary for dealing with the examples actually worked out.
From the few examples here considered, some general trends already emerge very
clearly. Considering grade star representations is almost useless. Such representations,
which in principle might exist for any osp(2/2N, R) superalgebra, were in fact only
found for osp(2/2, R). In addition, the few grade star representations encountered are
at the same time equivalent to star representations. On the contrary, a great variety of
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star representations were shown to exist. By analysing the results obtained for them,
we may conjecture that a necessary condition for an osp(P/2N,R) positive discrete
series irrep [EWY=[Z,... Ey 0, ... Q) to be a star representation is Oy = |=,|, and
that a necessary and sufficient condition for such an irrep to be typical is Qy — N +1>
=

In the present series of papers, we restricted ourselves to those osp(P/2 N, R) irreps
which can be induced from the direct sum of an so( p) (true) irrep and of an sp(2N, R)
positive discrete series irrep. It is obvious that the same kind of techniques would
apply to the cases of an so(p) spin irrep or of an sp(2N, R) negative discrete series
irrep. Whether they may be used if one considers any harmonic series irrep of sp(ZN, R)
is not very clear yet. In particular, the case of the so-called mock-discrete irreps (King
and Wybourne 1985), for which the vcs measure determined by Quesne (1986) is not
valid (see also Perelomov 1977), would need some further investigation.
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Appendix 1. Reduced matrix elements of irreducible tensors for osp(1/2N, R)

The purpose of the present appendix is to give explicit expressions for the reduced
matrix elements of the irreducible tensors appearing in the recursion relation (I5.11)
for #% ({w}) in the osp(1/2N, R) case. Since I''”(D") vanishes and since the reduced
matrix elements of [T (3)]", T'”(9), T'"(D") were given in (16.14), (16.15), (16.20)
respectively and assume an explicit form when (2.7) is taken into account, it only
remains to consider the reduced matrix elements of I'''($) and T'\(D").

By using (I5.25) and the relation u, =1, as well as some results of Hecht er al
(1981) and Le Blanc and Hecht (1987), equation (16.21) can be written as

(@) {20Ho NI (D) [(@){0Hw})

=(-1)'"" [(Q,‘Qp\+Ps—i+1)(Q,“Qp\+Ps—i)4"

1/2
X(H (QpA_Qp\+pr_pk+l)(Qm—'Qp\+ps—pk)“>:| . (All)

k#=s
Here {w}, {w'} are given by (2.8), and {w"} by (I5.13) where j = p,, thence

{0} ={Q+8"""(py... pocrpsrr - 1)) (A1.2)

The reduced matrix element of TY(D") s given by (16.22), where,
from (16.12) and (2.1), it results that w,=—1. On the right-hand side of (16.22),
the only quantity remaining to be determined is the reduced matrix element
(" M{0Hw} Q' s)|{w{0Hw"}). In the present case, equation (16.26) is useless for
such a purpose because it contains an unknown u(N) Racah coefficient. This difficulty

can be circumvented by writing in‘lz,-ff(s) as (Biedenharn and Louck 1968)

. 1 . . ..
Qini(s) = NG [Q""(s) x Q" )1I1E!. (AL3)
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Then standard u( N) tensor calculus leads to the following result:

(" W{OHw '} Q' (s) [ {w {0 w"})
=-} S U({w H10Hw W10} {aH120) (@) 0 o Hs(@H0Ha})
2 {a)

x ((@){0H{@}]s[{w){0Hw'}) (Al1.4)

where the summation runs over {@}={w}, {w+A'"(i)—A"(j)}. By taking (2.7) and
some results of Le Blanc and Hecht (1987) into account, equation (Al.4) can be
rewritten as

(@) 0HoH Q" (s) (o {0Hw"})

= S(p, ~ i)(—1)'"”“< [T @Q,-Q+i-p+1)(Q, -Q, +p,—pc+1)

k#s
1/2
X[(Qm—ﬂm‘i—pk)(ﬂm—Qp\+ps—pk)]“) (A1.5)
where
1 ifj=i
[—i)= 1.
G- {—1 ifi<i (AL6)

Introducing (A1.5) into (16.22) and taking (16.23) and (16.25) into account, we finally
obtain

(@)OH T (D) {0 {O0Hw )

=S(p,- i)(-—l)'"”“%[(ﬂ,- -Q, +p,—i-1)(Q,-Q, +p,—i+1)

x( M@, -Q+i-p+1)(Q, -Q, +p,—p+1)

ks

x[(Q,, Qi +i-p)(Q,, —Q, +p, _pk)]q)jl h. (A1.7)

Appendix 2. Recursion relations for % % ({£{w}) in the osp(3/2, R) case

The thirteen recursion relations for ¥ ([¢]{w}), where [£] and {w} run over the so(3)
and u(1) irreps listed in columns 1 and 2 of table 1, assume the following form:

HH ([E+11{Q+1}) = 2(Q -Z)XX([Z1{OQ}) (A2.1)
HH([ZNQ+1D) ==(Q+ DHAX ([EHQD (A2.2)
KA ([E-1H{Q+1}) =2 Q+E+HIH ([ZHQD (A2.3)
HH([(E+1{Q+2D) =2(Q+ DHHX[(E+11{Q+1}) (A2.4)
FHH([ENQ+2D) =207 (Q+ QU+ E+DHH([E+11{Q+1)) (A2.5)
HH([(E+11{Q+2}) =x(Q-E)XF ([Z)Q+1}) (A2.6)

HH([EUQ+2D =0 Q- Q+E+ DHH([ZHQ+1)) (A2.7)
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HH([(E-1HQ+2D) ==(Q+E+DHH([EHQ+1}) (A2.8)
KA ((ENQ+2D) =20 (Q+ D Q-E)HH ([E-1){Q+1}) (A2.9)
HH([E-1{Q+2}) =x(Q+DAHX ([Z-11{Q+1}) (A2.10)
HH(ENQ+3D) ==(Q+ D) (Q+2)(Q+Z+ DIFH([(E+11{Q+2}) (A2.11)
HH([EHQ+3D =2(Q+1D)7'QUQ+2)HH([ENQ+2)) (A2.12)
HH([EUQ+3D=x(Q+1) (Q+2)(Q-E)HX([E-1HQ+2}). (A2.13)

Appendix 3. Triple reduced matrix elements of the osp(3/2, R) odd generators

In the generic case corresponding to 1> =>0, the so(3)®sp(2, R) (triple) reduced
matrix elements ([ £ + D)y (D[ £Kw)) of the osp(3/2, R) odd generators are given
by

(E+1KQ+ Dy(DIEND) = -7’ [(Q - 1)(Q-E)]"* (A3.1)
((EXQ+ Dfly(DIMEKD) = -7 (- D(Q+ 1]V (A3.2)
([(E-1K0+ DyDIEKR) = -7 (@ - 1)(@Q+E+ 1] (A3.3)
((EH1KQ+2y(DE+1XQ+ 1)) = —(E+ 1)) [(E+2)Q)"? (A3.4)
[(ENQ+ DYy DE+1UQ+1)

=-[(E+DQE+D][EQE+3)Q+E+1)]" (A3.5)
(EF1KQ+ D y(DIEKQ+ 1) =[E+D)(Q+ D] [EQQ -E)]"* (A3.6)
((EXQ+2ly(DI[EKQ+1))

=~[ZE+DQ+ D] (Q-E)Q+E+1)]7? (A3.7)

((E-1KQ+ 2 ¥ DMEKR+ 1) = ~[E@+ D) LUE+DAQ+E+D]Y? (A3R)
(EXQ+DYHDNE -1k +1)

=[ZQE+ D] VHE+1DQRE-1)}Q-5)]V? (A3.9)
([(E-1XQ+y(DE-1KQ+ 1) == [(E-1)0]" (A3.10)
[EXQ+3y(DME+1KQ+2) = -Q2E+ 1) *[QE+3NQ+E+1)]? (A3.11)
([(EXQ+3r(DIERQ+2)=0"* (A3.12)
((EXQ+3INvDIE-1KQ+2) = -Q=+ 1) [QE~1)(Q-5)]"". (A3.13)

The remaining non-vanishing reduced matrix elements ([£'){(w — D)|ly(T)I[£Nw))
can be obtained from them by using the symmetry relation

([¢ Ko = Dily (DK w))

=(_1)§,_§<<2§+1><w—1>

S ke L) Koy DiE Ko - 1), (A3.14)
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Appendix 4. Triple reduced matrix elements of the osp(4/2, R) odd generators
In the generic case corresponding to Q> =,>|E,/+1, the so(4)@sp(2,R) (triple)

reduced matrix elements (r'[£1& e+ Djv(D)|r(£,€:){w)) of the osp(4/2,R) odd
generators are given by

((Z £ 15 XQ+ Dfly(DIEZK) =-Q7[(Q- 1) QFE, +1F )] (Ad.1)
([E 21K+ Dy(DEEHQ) = -7 (- DN(QFE,+1)]"? (A4.2)
([, +15, 21K+ y(D[E + 1E.KQ+ 1)

=—[(Z,FE,+1D)(Q+ D]V [(E,FE,+2)QQFE,+1)]? (A4.3)
([, +1E,21KQ+ jly(DNE = = 1KQ+ 1))

=[(E,FE+1)(Q+ D] UE FENQOQ -] (A4.4)
([Z, - 15,F1KQ+ DIy (DNE =, F1KQ+1))

=—[(E,FE,+1)Q+1D)] " UE,FE,+DQOQ+E,+2)]"? (A4.5)
([Z, - 1E,F 1K+ DIy (DME, - 12,1 Q + 1))

=[(E, 75+ 1)(Q+ 1] *(E,FE)QQ+E,+1)]7 (A4.6)

(r[Z/ 2 X0+ DIV (DE, £ 12, K0 + 1))
=F2(E, +E A D)(E -E,+ D) Q+1D)(QFE, +1F1)]7V2Q?
X{UE £ E)E FE+ )] ENQ+2) 00
+UE, FEN(E, £ =,+2)) (9 ( ([Z:Z2.1{Q+21)). -} (A4.7)
(r[Z2 EXQ+ DIv(DNEE. 2 1KQ +1))
=[2(E, +E,+ 1)(E, -+ D)(Q+1D(QFE,+1)]720?
X{UE + E)(E - EDIHH(EZHQ+2D) 00 =1

(B + 5+ 2)(E - E+ D)) AH([E K+ 2D) 1 =1y} (A4.8)

([21+IEz]<Q+3>Hl~/(1)H|[E|+1-zi1]<0+2>
=F(E,22,+2) V(B 25, +3)(QxE,+1)]° (A4.9)

([, Z 21K+ 3y (D[E + 12, £ 11Q+2))
=F(Z,25,+2) 7V UE £ B, +3)(Q+ 2, +2)]7 (A4.10)

(B ZF1Q+)[vD=, - 1Z,F1)(Q+2)
=£(5,25,) I [(E 2 E,-1)(Q-5,)]"° (A4.11)

([, - 15, KQ+3)[y(D[E, - 12,7 1XQ +2))
=+(E, +5,) VI (E, 25, - 1)(QFE,+1)]"? (A4.12)

([Z £ 1E,KQ+D)jly (D= = XQ+2))
=22, +E,+1£1)(E,-Z,+1x1)]7"?
X[(QAFZ,+1FDNQ+Z,+ 1)(Q-Z,+1)]"2
X{UE = Z)E, FE,+ 21V E ZHO+2)) 0.
—[(EFENE 2 Z+ 1 (EENH+ 20 —) (A4.13)
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(2,2, 1K+ 3)ly(Dr[E,EKQ +2))
=+[2(E, FE)(E, 25,4+ 2)] Q- ) Q+E,+2)(QFE,+1)]"?
XAUE +ENE - EDT I HEZ N+ 20 0
F(E A4E,+2(E, -+ )1 A H (EENQ+2)) 0 =) (Ad14)
([ EKQ+ Dy (D= £ 12,102+ 3))
=—[(E\+E;+ 1)(E, -5, +1)]71?
X[(E +E,+1£1)(E, -E,+1D)(QxE,+1x1)]"? (A4.15)
([E:EXK+4lly(D=EZ, = 1KQ+3))
=[(E,+Z,+1)(E,-Z,+1)] V2
X[(EFENE £E,+2)(QxE,+ 1] (A4.16)

In (A4.7), (A4.8), (A4.13) and (A4.14), the upper (lower) signs correspond to r=1
(r=2), and the matrix elements of ¥([E,E,{Q+2}) and ¥ ([E,Z,]{Q +2}) result
from (15.16) and (I5.17) when one takes (4.17)-(4.20) into account.

The remaining non-vanishing reduced matrix elements

(r'léi&:Kw = Dy (DI €16 w))
can be obtained from those listed above by using the symmetry relation
(r'l&&:New - Dyl €1 6:Kw))
- (_l)gi_;( (G+r&EADE -G (o - 1)>1/2
G+ &ETDE -+ D) (w-2)
x(rl&&Na)ly(Dr' €162 Kw = 1)). (A4.17)

In those cases where one of the conditions (} > E,, =,>|=,|+1, or both, are not
fulfilled, equations (A4.1)-(A4.6), (A4.9)-(A4.12), (A4.15), and (A4.16) remain valid
provided the matrix elements corresponding to forbidden states are left out. The same
is true for (A4.7), (A4.8), (A4.13) and (A4.14) whenever O > =, =5, +1.

Whenever 1 = E, > |Z,|, equation (A4.14) disappears while equations (A4.7), (A4.8)
and (A4.13) are replaced by

A[EEKE +Dy(DIE, - 1Z,XE,+ 1)

=EN2[(Ei+ D(E+E+1)E -E,+1)]77? (A4.18)
(A[EEKE +DY(DIEE,=1KE + 1))

=F(E 25+ 1)V UE 2 ENE £ E,+2)]? (A4.19)
(2 =15 KZ, + Dy(DINE,ZNE+2)

=[(E)+E)(E, -E)] V25 (E +E+ 1)(E, -2, + 1)]VA (A4.20)

Whenever () > E, =|Z,|, equations (A4.7), (A4.8), (A4.13) and (A4.14), respectively,
become

([(ExEXQ+2y(DIE+1=E1Q+1)
=-[QE,+1)Q+ 1] 2E(Q+2)(Q+E,+1)]? (A4.21)
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((E =5, X2+ y(DIE £E,F1KQ+ D)

=-[QE,+D(Q+ D] R2AE, +D(OQ+2)(Q-E)]" (A4.22)
((E, 1=, KQ+ )y (DIE, £ =, KQ+2))

=+[2(Z,+D(Q+2)]VI(EQQ-Z,+1)]"? (A4.23)
(2, =5, F1XQ+3)|ly (D=, =Z,KQ+2)

=F2Z,(Q+2)]1V[(E,+1)QUQ+ZE,+2)]" (A4.24)

Finally, whenever = =, = |Z,|, the four equations have to be left out.

Appendix 5. Reduced matrix elements of the osp(2/2N, R) odd generators for the most
degenerate irreps

In the generic case corresponding to } — N +1>|=|, the u(N) reduced matrix elements
of the osp(2/2N,R) odd rajsing generators between two lowest-weight so(2)@u(N)
irrep basis states of the [=()) star irrep carrier space are given by

([ 1w+ A" (k+ DH{0Hw + A"V (k+ DHy(X) [ [£)(w)X{0Hw})
= (=1 QO -1+ 1) (1-2k)]7 Y3
x[(k+1)2Q—k+2)(IFA=2k)2QF2E - 1F))]"? (AS.1)
(1Ko +AV(I=k+1){0Ho + A"V (1= k+ D} y(X) | [£Xw){0Hw})
=(~=1)* =2 a -1+ 1)(1-2k+2)]"?
X[(I=k+2)2Q-1+k+1)(IxA-2k+2)2QF2E-1FA)]"? (AS5.2)

where X =T (respectively, H) for the upper (respectively, lower) signs, [(¢]=[E+A],
and (w)={((Q+2)*(Q+1)' Q).

The reduced matrix elements of the odd lowering generators can be obtained from
those of the raising generators by using the symmetry relation

([€=1KHMOH o H (G [EXwXOHw})
_ ¢lwhre({10}—¢({w d1m{w}>”‘
=(-D (dlm{w "}
X ([N 0w} y(D[£ - 1KY 0K o'} (AS.3)

and a similar relation connecting y(J) with y(H). The phase factor ¢({w}) has been
defined in (15.26).

For osp(2/2, R), the sp(2, R) (triple) reduced matrix elements of the odd generators
J=(1,J) are given by

([(E+1XQ+ Dly(AHNEKD) = -0 [(Q-1)(Q-F)]" (A5.4)
([EXQ+ D[ y(FNE-1KQ+ 1) =(Q-=)"? (A5.5)
(EXVNVHNE-1KQ+ 1)) = (Q+E)"? (A5.6)

((E+1KQ+ Dy HIEKQ+2) =07 [(Q+ D+ E)]. (A5.7)
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Those of # =(H, G) can be obtained from them by using the symmetry relation

(6= )l yoolieNen = ~(4=5)  Tel@ly e 11w (AS8)

resulting from the property %, =($_,)", g=%, -

Appendix 6. Reduced matrix elements of the osp(2/4, R) odd generators

In the generic case corresponding to ;> Q,+1>|E|+2, the u(2) reduced matrix
elements of the osp(2/4, R) odd raising generators between two lowest-weight so(2)®
u(2) irrep basis states of the [E€),{),) star irrep carrier space are given by

([Z = 1402, + 10{0HQ, + 10} | ¥ (X) [[EKQ 2H0HR,Q.}) = (@, F 5)1/* (A6.1)
([Z112,Q, + DIOHO, Q2+ 1y (X [[EXQQH{0HL, Q1) = (2, FE 1)1 (A6.2)
([Z+2XQ + 192, + D{OHO + 10, + 1} ¥ (X)[[E £ 1K, + 10:{0H{Q, + 102}

=(Q, -0+ D7V, -+ 2)(Q,FE-1)]"2 (A6.3)
([Z£2]Q; + 10, + D{OHOQ, + 10, + 1}y (X)[E £ 110, Q, + 1H{0HQ,Q,+1})

=—(Q, -+ 1)7V(Q, - Q)(Q, FE)]V? (A6.4)
([ENQ +2Q{0HQ, + 20} y(X)[[ZF 14Q, + 1Q){0HQ, + 1Q,})

=70, (0, +1)(Q, FE)]V° (A6.5)

(r[ZNQ, +1Q,+ D{OHQ, + 1Q, + 1} y(X)[E F 1HQ, + 1Q,{0HO, +1Q5})
=[2(0, - Q,+ D(Q, £ E)]7VHF(Q, - W) AHK(ENHQ, + 105+ 1}), 20
(- QL+ )V AH[ENQ, + 10+ 11) 101} (A6.6)
(r[ENQ; +1Q,+ D{OHQ, + 10, + 1} y(X)[EF14Q,Q, + D{OHO, Q.+ 1})
=[2(Q, - Q,+1)(Q, == -1)]V?
X {F(Q, — QL+ 2)VAH([ENQ, +1Q:+ 1)) 420,

— (- Q) HH([ERQ +1Q,+1D) 1y} (A6.7)
([EHQ,Q,+ 2){0HQ, 0, + 2H y(X) [[ZF 1HQ, Q5+ D{0HQ,Q,+1})
=F(0,-1)7"[Q,(Q,F=E-1]"? (A6.8)

([ZE£11Q, +2Q,+ D{0HQ, +2Q,+ 1} y(X)[[ENQ, + 2Q,{0HQ, +20Q,})
=F[(Q,-0,+2)(Q,+Q,-1)]7"?
x[(Q;—Q,+3)(Q,+Q,)(Q,FE-1)]"7? (A6.9)
([E= 1K, +2Q,+ D{OHQ, + 20, + 1} y(X)F[EUQ, + 10, + D{0HQ, + 10, +1})
=[20,(Q, - Q,+2)(Q,+Q,-1)]"?
x[(Q+ D(Q, + Q) +E)NQ, - E)NQ,FE-1)]'?
X {£(Q, = Q)" (H T (ENQ + 195 +1})) 20,
—(Q - QL+ 2)HH T ([ERQ +1Q,+ 1)) 00,0} (A6.10)
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([Z+1KQ, + 10, + 2{0HQ, + 1Q,+ 2} y(X)[F[ZKQ, T 10, + D{OHQ, +1Q,+1})
=[2(Q, - Q- Q)(Q, +Q, = 1]
% [Qa( Q)+ Q)(QFENQ,+ - 1)(Q,-E- 1]
X {F(Q,—Q,+2) (X ([EHQ, +1Q:+ 1})) 200
—(Q, - Q)AHT[EHQ, +1Q+ 1))y} (A6.11)
([ = 13(Q, + 190, + D{OHQ, + 10, + 2} ¥y (X IENQ,Q, + {0202+ 2})
= =[(Q, - Q) (Q,+ Q-]
X [(Q; = Q= D(Q+ Q)(Q, FE)]? (A6.12)
([ZF1)Q, + 20, + DIOHQ, + 20, + D y(X)[[EF2HQ, +10,+ D{0HQ, +1Q:+1))
= [0+ Q.= DTUQ,+1D(Q,+ ) (Q, F32)])'° (A6.13)
([EF1UQ, +10,+ D{0HQ, + 10, + 2} [y (X) [[EF 2K, +1Q,+ D{OHQ, +1Q,+1})
= [(Q = 1(Q, + 0y~ D] [Q(Q, + Q) F =117 (A6.14)
([EHQ, + 20, + DOKQ, + 205+ 2H y (X N[EF 11Q, + 20, + D{OKQ, +2Q,+ 1})
=[(Qy =~ 1)(Q — Q,+ 1)(Q, +Q22)17*
) [Q5(Qy~ 0 +2)(Q, + 0y + QL FE-1)]? (A6.15)
([ENQ, +20, + DOHO, +20,+ 2H y(X)[EF 1HQ, + 10, + 2{0HQ, + 102, +2})
=—[0,(Q, -0+ 1O, + Q)]
x[(Q1+1)(91_Qz)(Qﬁ'Qz"'l)(Q]?E)]“Z (A6.16)

where X = I (respectively, H) for the upper (respectively, lower) signs.

In those cases where one of the conditions ,>Q,+1, Q,—1>|E|, or both, are
not fulfilled, equations {A6.1)-(A6.5), (A6.8), (A6.9) and (A6.12)-(A6.16) remain valid
provided the matrix elements corresponding to forbidden states are left out.

Whenever Q,> Q. and Q,~-1=|Z|, equation (A6.11) disappears while equations
(A6.6), (A6.7) and (A6.10) are replaced by

(1[£Q,F 1Q, + 10, + D{OHQ, + 10, + 1} v(X)[[£Q, F 21(Q, + 12){0HQ, +1Q.})

=[(Q,+Q,-2)(Q, - Q,+ D] [2(Q, - )12 (A6.17)
(1[FQ, = 1O, + 10, + D{OHO, + 10, + 1}y (XOI[FQNQ, + 1Q){0HQ, +1Q.})
=(Q,+0Q,-2)""?[2(Q - D, + Q, - 1] (A6.18)

(20, T 110, + 10+ D{OHQ, + 10, + 11 y(X) [ £Q: F2KQ, Q.+ D{OHQ, Q.+ 11)
=—[(Q,+Q,-2)(Q, -Q,+1)]"?
X [(Q,+ Q- D, - Q2)(Q, -+ 2)]'? (A6.19)
([FO =210, +2Q,+ D{OHO, +2Q.+ 1} y(X)
X 1[FQ 2 13Q, +1Q,+ D{0HQ, +1Q,+1})
=-[0,(Q,+0- 1), -Q,+2)]"?
X[(Q,+ D0+ Q) (Q,+Q, - 2)(Q, - Q,+ 1)]V2 (A6.20)

In all the cases, the reduced matrix elements of the odd lowering generators can
be obtained from those of the odd raising ones by using relations similar to (AS5.3).
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